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Abstract: Due to the fact that the Riccati equations are nonlinear equations, it is difficult to obtain its analytical solution by 

using commonly used elementary integration methods. We discuss the calculation of general solution for a class of coupled 

Riccati equations. Firstly, the nonlinear superposition theorem of ordinary differential equations is given; Then the general 

solution expression and properties of coupled Riccati equations are obtained on the basis of known particular solutions; Finally, 

a special type of Riccati equations are calculated by the nonlinear superposition formula, which shows that the nonlinear 

superposition is effective for the integration of nonlinear equations. Nonlinear superposition method has universal significance 

in constructing new composite exact solutions for nonlinear evolution equations.  
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INTRODUCTION 

Riccati equations [1] are a class of important differential equations, which is widely used in mathematics and engineering science. 

For example, it can be used to prove that the solution of Bessel equation is not an elementary function [2]; It can give the type 

of infinite sequence exact solution for KdV equation [3]; Many models in modern control theory and vector field branching 

theory are in the form of Riccati equations [4]. As everyone knows, the nonlinear Riccati differential equation 

)(0)(,)()()( 2

321 ICtTxtTxtTtT
dt

dx
i ++= has been proved to be unable to be expressed analytically by elementary 

function [5], however, it still has many excellent properties, which is very valuable for solving some special Riccati equations. 

The Riccati equations are nonlinear equations with high order and coupled variables in matrix form, making it very difficult 

to solve. In general, it is impossible to find analytical expressions directly represented by coefficient matrices and weighting 

matrices, and currently, most people use numerical methods [6-7] to solve problems through computers. In the past fifty years, 

more than ten different methods for solving the Riccati equation have been proposed, such as direct integration, complex 

exponential method, iterative method [8-10]. However, these methods generally have drawbacks such as large computational 

complexity and poor convergence, making it difficult to obtain satisfactory results.  

The principle of superposition of differential equations is a very important principle in differential equation theory, which 

can help us solve some nonlinear differential equations. The core idea of the superposition principle is to split a differential 

equation into several simpler differential equations, and then linearly stack the solutions of these simple differential equations to 

obtain the solution of the entire differential equation. Lie [11] found the nonlinear superposition formula in the integration theory 

of linear partial differential equation. In recent years, the nonlinear superposition principle of differential equation has attracted 

more and more attention. In reference [12], it studied the Darboux transformations, the Backlund transformations and the 

superposition formula for three coupled systems; In reference [13], it studied the backlund transformation and the nonlinear 

superposition formula of of nonlinear equation. In reference [14], it studied the backlund transformation, nonlinear superposition 

formula and infinite conservation laws of Benjamin equation. On the one hand, these studies greatly promote the integration 

theory of nonlinear differential equations, on the other hand, the nonlinear superposition theory is further developed. In order to 

obtain the general solution form of a class of coupled Riccati equations, the nonlinear superposition formula of the general 

solution is given by using the structural characteristics and special solutions of the system. Its key technology is the invariants 

of Lie algebraic, and a specific example is given for illustration and verification. 
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1. THE NONLINEAR SUPERPOSITION THEORY OF ORDINARY DIFFERENTIAL EQUATIONS 

Please refer to reference [15], if the ordinary differential equations: 
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== x                                                                          (1) 

Which have a basement of solutions, it must have the form of generalized separated variables: 
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And the operators r
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X
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i ,..,1, =



=  must constitute a finite dimensional- r Lie Algebra rL (also known as vessiot-

Guldberg Lie algebra). Here the coefficient )(tTr is a arbitrary function of t . 

Nonlinear superposition theorem [15]: if the general solution of equations (2) is ),...,( 1 nxx=x , and it has special solutions 
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Here iJ is the group invariants of rXX ,...,1 constructed by
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Then the nonlinear superposition formula of the general solution is: 

),...,1)(,...,;,...,( 11 niCCx nm

ii == xx                                                         (5) 

There is restriction rnm  , and the special solutions mxx ,...,1 is a basement of solutions. 

2. THE NONLINEAR SUPERPOSITION OF UNCOUPLED RICCATI EQUATION 

The uncoupled Riccati equation with constant coefficients is as follows: 
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Nonlinear superposition theorem: when )(1 txk− and )(2 txk− are the solutions of Equation (6), the following ,...)2)(( =ktxk  

are also the solutions of Equation (6): 
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         Further, when )(1 txk− , )(2 txk− and )(3 txk− are the solutions of Equation (6), the following ,...)3)(( =ktxk  

are also the solutions of Equation (6): 
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Here,
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, and DCBA ,,, are arbitrary constants. 

Theorem 1: when )(),(),( 321 txtxtx are the three divergent solutions of Equation (6), so the general solution of the Riccati 

equation (6) is: 
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Prove: Easy to know: .,, 2

333

2

222

2

111 cxbxaxcxbxaxcxbxax ++=++=++=   

So, .)(2,)(2
13

13
133

23

23
233

xx

xx
xxcbcx

xx

xx
xxcbcx

−

−
+−=+

−

−
+−=+


 

So, .)(
23

23

13

13
21

xx

xx

xx

xx
xxc

−

−
−

−

−
=−


 

So, the general solution is: 
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It can be seen that when the three specific solutions of Equation (6) are known, the general solution can be obtained without the 

need for integration.     

3. THE NONLINEAR SUPERPOSITION OF COUPLED RICCATI EQUATIONS 

The coupled Riccati equations are as follows: 
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The equations(10) are corresponding to ,0)(,)(,2)(,1)(,3 2
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It's easy to verify 321 ,, XXX  are linearly independent, and   k

k

ijji XcXX =, , so 321 ,, XXX generate a Lie algebra 3L . 

According to the theorem 1, 32 m , so 2=m , the common invariants of the operators are: 
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The equations (12) has a solution: 
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Therefore, the expression of the general solution with using the two special solutions ),( 11 yx and ),( 22 yx is: 
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The equation (14) shows the general solution of the coupled Riccati equations is a nonlinear superposition of two special 

solutions. We only need two special solutions to get the general solution, which is different from the three special solutions 

(basement) required for the nonlinear superposition of the one-dimensional Riccati equation. In fact, the nonlinear superposition 

of one-dimensional Riccati equation
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. So, we can infer that an important characteristic of coupled differential equations is to limit 

the dimension of the basement of solutions .                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                             

4.  EXAMPLE ILLUSTRATION 

Now we calculate the coupled and uncoupled Riccati equations. 
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According to the equations (14), so the general solution is: 

2

3

1

21

1

24

1

23

2

21

3

21 3
,

2

/

/2

CtC

tCC
y

t
C

C
t

C

C
t

tCtC

tCC
x

−
−=

−

+

=
−

+
=                                                          (16) 

This is a very excellent result. In reference [16], the general solution form of the first equation of in equations (10) is
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= by Lie symmetry method, which is consistent with equations (16), so our nonlinear superposition formula is 

correct. 
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(2) Setting 0)(0 31 == tTT ， , so the uncoupled Riccati equations (10) transform to linear equations, and its structural 

characteristics are: 
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So 12 m , still taking 2=m , and the invariant equation of operator is: 
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There is a set of solutions for equations (18): 
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As long as the special solutions ),( 11 yx and ),( 22 yx are not linearly independent, the general solution is: 

22112211 , yCyCyxCxCx +=+=                                                                      (20) 

Obviously, the result is correct, because one of the important properties of homogeneous equations is to satisfy the linear 

superposition, and the linearly independent special solutions provide a basement of solutions. 

To sum up, no matter the coupled nonlinear Riccati equations or the uncoupled linear Riccati equations, the expression of 

the general solution based on the nonlinear superposition principle is correct. Compared with other integral methods of the 

general solution, the nonlinear superposition is simple in calculation and formula, the general solution can be constructed only 

by using the special solutions. 

CONCLUSION   

This article mainly uses the Lie symmetric transformation to solve the coupled integrable Riccati equations. Based on the 

obtained Lie algebraic structure and invariant solutions, we construct the corresponding nonlinear superposition formula, and 

use the known special solutions to obtain the general solution of the original equations. We introduced the specific steps and 

criterion for solving the general solution of ordinary differential equations by nonlinear superposition principle. Research has 

found that as long as Riccati equations satisfy certain conditions (generalized separability and Lie algebra structure), and have 

some suitable special solutions, we can get its general solution by looking for invariants of Lie symmetric transformation 

operator. Meanwhile, we give the nonlinear superposition formula of general solution of a kind of coupled Riccati equations, 

which is similar to the nonlinear superposition property of Riccati equation with one-dimensional, but it reduces the number of 

special solutions needed, which is a major feature of coupled equations. The nonlinear superposition algorithm can be extended 

to other nonlinear systems. 
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